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Line fitting, residuals, and
correlation



Perfect Linear Relationship
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Linear Regression Model
Linear regression
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e Parameters, By and B4, are estimated from data.

e The pointe estimates are written an

e Usually, we use x to predict y.
A —"
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Imperfect Linear Relationships

Data usually form a cloud of points around a trend.
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Which of the above scatterplots has a (strong downward / moderate
upward / weak downward) linear trend? @ @
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en a Linear Model is Not Useful

e Some relationships are nonlinear.
e Example: Projectile motion experiment.

e A linear fit is not appropriate.
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Example: brushtail possums

e Brushtail possums are marsupials found in Australia.
e Researchers measured 104 possums before releasing them.

e We examine the relationship between total length (head to
tail) and head length.
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Scatterplot of possum Data

e Head length and total length are positively associated.

e While not perfectly linear, a straight-line model may be useful.
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Eyeballing the line
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Linear Regression Model

e We use total length (x) to predict head length (y).

e Estimated regression equation: Ll ngm%w Goe@{c%
}Mcl(cﬁd vlue

CrHed e / @@

e Example: For a possum with a total length of 80 cm:
= 4]+ 0°TxF0= 882  (mm)

e The equation predicts that possums with a total length of
80cm will have an head length of 88.2mm.
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Regression Line and Residuals

o A fitted regression line represents the trend.

e Some observations fall above or below the line.
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e These deviations are called residuals. b
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Residuals are the leftovers from the model fit

e Data = Fit + Residual

e Each observation has a residual.

Residual: Difference between observed and expected
The residual of the i-th observation (x;, y;) is the difference
between the observed (y;) and predicted (¥;):

e =Yi—Ji
> Y
Okled —  pedliicd
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Residuals (cont.)

Y 5’,;
The linear fit is given as y = 41 4+0.59x. Baged onvthis line, formally
compute the residual of the observation (85, 98.6), denoted by “+”.

The predicted value is

Ji= W05 xd>
= 915

Head Length (mm)

The residual is given by

e = 98.6 — a5
= 7.45
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KOREA MILITARY ACADEMY 11


iPad Pro 12.9-inch (5th generation)

iPad Pro 12.9-inch (5th generation)

iPad Pro 12.9-inch (5th generation)

iPad Pro 12.9-inch (5th generation)

iPad Pro 12.9-inch (5th generation)

iPad Pro 12.9-inch (5th generation)

iPad Pro 12.9-inch (5th generation)

iPad Pro 12.9-inch (5th generation)


Residual Plot

e Residual plotis the scatter plot of (x;, €;).
e Residuals should be randomly scattered around the dashed
line that represents 0.
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Identifying Patterns in Residuals

We have three scatterplots with linear models in the first row and residual
plots in the second row. Identify any patterns remaining in the residuals.

2
o) ) R
A =2 Swe Chie = Mo oblhue
=) Thee ¢ & pothory pr¥verns

KOREA MILITARY ACADEMY 13


iPad Pro 12.9-inch (5th generation)

iPad Pro 12.9-inch (5th generation)

iPad Pro 12.9-inch (5th generation)

iPad Pro 12.9-inch (5th generation)

iPad Pro 12.9-inch (5th generation)

iPad Pro 12.9-inch (5th generation)

iPad Pro 12.9-inch (5th generation)

iPad Pro 12.9-inch (5th generation)

iPad Pro 12.9-inch (5th generation)

iPad Pro 12.9-inch (5th generation)

iPad Pro 12.9-inch (5th generation)

iPad Pro 12.9-inch (5th generation)


Sample correlation coefficient

Sample correlation coefficient
Sample correlation coefficient for observations
(x1,¥1), (X2, ¥2), - -+, (Xn, ¥n) is defined as

Sxy

VSxxSyy ’

S m -xX)(yi—-y). od\mf/e VoY e f

X Somple  cwordnee
e Sample correlation coefficient quantifies the strength of a

relationship between two variables.
e It always takes values between -1 and 1.
e Perfect correlation: R = +1, No correlation: R = 0.
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Correlation in Practice

e Computed using means and standard deviations of variables.
e Example scatterplots with varying correlations:
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Guessing the correlation

Which of the following is the best guess for the correlation between
head length and total length?
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Does correlation depend on the unit of measure?
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Recall: Correlation coefficient of random variables X and Y
Population correlation coefficient of X and Y is

__ Cov(X.Y) _ E[(X = ux)(Y = )]
\Var(X)Var(Y) \/E (X = ux 2] E[(¥ _ﬂy)z]’

p(X.Y)

where ux = E(X) and uy = E(Y).

Sample correlation coefficient R can be used to estimate the
population correlation coefficient p = p(X, Y).

e For instance, in the possum example, p = r = 0.69.

We can even test whether there exists linear relationship:

Ho:p =0, Ha :p #0.
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Consider testing Hp : p = 0 versus Ha : p # 0. ©>9, F<o

Correlation test for the population correlation coefficient p
If (X1,Y1),---,(Xn, Yn) are independent observations from a bivariate
normal distribution, the test statistic and its null distribution are

RVn—2
T=2YNZ2 o 4n_ ),
1-_Re

where R is the sample correlation coefficient.

v

Note: Bivariate normal distribution is a generalization of normal distribution to two
dimensions.

Joint pdf of bivarite normal

Pdf of normal distribution

distribution
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Note: Since correlation coefficient is invariant of scaling and translation, without
loss of generality, assume that (X;, Y;),i = 1,---, n are random samples from a
bivariate normal distribution with mean 0 and standard deviation 1. Notice that
under Hy : p = 0, and X; and Y; are independent because they follow the
bivariate normal distribution. Conditioning on Xy = Xq,--+ , Xn = Xn,

Sy _ Ziti(x = X)Y

A — = — ~ N(0,1).
Six Zrn:1 (Xi - X)2 ( )
Furthermore, conditioning on X; = xq,--- , X, = Xp, it is known that
S2
V 2= Syy - SXY ~)(2(n - 2),
and V is independent of Z. Thus, under Hy : p = 0, conditioning on X1, - , Xp,
-1/2
R S S2 1 b4
T = ——-- S—y [Syy - SLYJ' 2 = t(n—z).
V1i-R2/vVn-2 Xx x ) M= VV/(n-2)
Z v
RvVn-2
Since conditional distribution does not depend on x’s, T = AL t(n-2).

Vi-Fe
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Back to the brushtail possums example

We try to determine if there is a correlation between total length
and head length. The hypotheses are:
Ho : p = 0 (No correlation between total and head length)

Hpy - /O =+0
Assumptions:

e Observations are independent.

e The data come from a bivariate normal distribution.
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Computing the test statistic

e Summary statistics:

r =0.69

e Compute the observed T-score:

t:fg}/“P;/\/,ﬁ(/]_\z) [/\HCJ-@Y‘ Ho

[—R* ———
Oherved  tatt dtwties. -

rﬂT 0.69] /02 9.6 %
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Finding the P-value

P-value of the two-sided test is 2X[(T > 463)

T+(02) =53x/0 % & =
' 43

> pt df 1ower.tail = FALSE) @

[1] 2.684797e-16 <) J

e P-value is less than & = 0.05, so we/ don’t reject) Hp.

e There is (sufficientsinsufficient) evidence to conclude that

there is a correlation between total length and head length in
brushtail possums.
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R CG(X*Z

é_cor.test(total_l,head_l, alternative = "two.sided")

R ol

Pearson’s product-moment correlation

data: total_l and head_l

t df = 102, p-value = 4.68le-16

altermative hypothesis: true correlation is not equal to O
95 percent confidence interval:
0.5750415 0.7798823

sample estimates:

cor
0.6910937 — [~
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(Exercise 8.12*) A study recorded data on 12 groups of infants born
throughout the year to investigate whether crawling age(x) is associated
with environmental temperature(y). For each group, researchers mea-
sured the average crawling age (in weeks) and the average temperature
(in °F) when the babies were six months old. Conduct a hypothesis test
to determine if there is a negative correlation between temperature and
crawling age. (The data come from a bivariate normal distribution.)

1. State the null and alternative hypotheses.(Use one-sided test)

2. Find the test statistic and its null distribution.
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Summary statistics g
n 12 fa
= XL (X - %)? 34.0961 £
y =X (vi—y)? 2762.25 |«
y = Zn: ( )(yl Y) -214.735 * 201

30 40 50 60

Temperature (F)

3. Compute the correlation coefficient and the observed test statistic.

4. Compute the p-value and complete the hypothesis test.
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Fitting a line by least squares



Elmhurst College Data

e Study of 50 freshman students at Elmhurst College, lllinois.
e Examines the relationship between family income and gift aid.
e Gift aid is financial support that does not need to be paid back.

$30K

$20k

$10K

Gift Aid From University

$0

$0 $50k $100k  $150k  $200k  $250k
Family Income
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Least squares regression

e We try to find a regression line that minimizes errors.
One way is to minimize the sum of squared errors:

2 2 2
81+82+”’+8n,

which is called'least square regression:

e Squaring errors gives a higher penalty to large errors.
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The Least Squares Regression Line

Consider a linear regression model:
Yi=po+pixi+ei, i=1,---.,n,

where Sy is the intercept and B is the slope.

Least squares estimation for regression coefficients
The least squares estimation for parameters 8o and 81 minimizes

n n

S(Bo.B1) = ), &8 = > (Vi = o~ Bixi)’

i=1 i=1
4l 2-
with respect to By and ;. - 42_/{7 (% - (/o 7/5\%#) )
/ “Weﬁ ) I

S5 ) L gt
KmEAMILITAnYACADEMv A=t &’1 / /,1,\) - glg" /° /'21)
(ihee /o,/ﬁ de Wy Unlue)
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Least square estimates for the regression coefficients
The least square estimates that minimize S(By,31) are

(&~

n n

Sxy = Z(Xi - )_()(Yi - }_/), Sxx = Z(Xi - )_()2,

i=1 i=1

where

R is the sample correlation coefficient, X, y are the sample means
of xi’s, and y;’s, sy and s, are the sample standard deviations.
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Note: To minimize S(Bo, 1), consider normal equations:

as(ﬂo’lﬂ
= —2Z(y, Po - Bixi) = (1
as(ﬁo,ﬁ1
— 2Z(y, Bo—Bixi)xi =0 (2
(1) gives ¥ = By + B1X. Plugging Bo = y — B1X into (2),

Z(Yi —V = Bixi + BiX)x = Z(y/‘ —V=Bixi +BiX)(xi—X) =0

i=1 i=1

gives
b= S =N0i=Y) Sy _ VSw Sy _sp
27:1 (XI' - )_()2 SXX VSxx Sxxsyy Sx
e —— ——
Sy/sx R
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Elmhurst Data Summary Statistics

Using the following summary statistics for EImhurst data, find the
least square estimates for regression coefficients.

Family Income (x)  Gift Aid (y)

Mean 101,780 19,940
Standard Deviation 63,200 5,460
Correlation _r=-0.499
~ Sg L #o
Br=-5R =——(-044q)= —0.042|= -
Y {3200 1 )= # %2 X(O

Bo=T- /7= [4%0 — (~0.040))x o 70

= 24326 12 3 Qexp T
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Regression Output from R

> g <- Im(gift_aid ~ family_income, data = elmhurst)
> summary(g) $coefficients J

Estimate Std. Error t value Pr(Glt])
(Intercept) 2.4319e+04 /1.2915e+03 18.8310 8.2810e-24
family_income/ -4.3072e-02 1.0809e-02 -3.9846 2.2887e-04

Lzmmmf :/f

—‘Z(:; QOO'X/()'—)_ = /@
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Interpreting the model parameter estimates

e The slope represents the

e 31 = —0.0431: For each additional $1,000 in family income,
expected aid decreases by /OuoX [2 = \X‘ 43

e The intercept describes the
e o = 24,319: if a student’s family had no income, the expected

aid is $2%3{C1
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Using the linear model to predict the expected value of y for a
given value of x is called prediction, and denoted as .

$30k

$20K

$10k

Gift Aid From University

$0

$0 $50k $100k  $150k  $200k  $250k
Family Income >

(5,000 §= /A % [Sowo = /7854

34
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Extrapolation

Extrapolation occurs when we apply a model beyond the observed
data range. '

$30000 -
2 X
@ D

200004 “2

10000 -

_$20000- T T T T T T IJ
$150k $300k $450k $600k $750k $900k

$0

ift Aid Frorg,Univgrs
@
o

g
=
o
o
o
o
1

Family Income
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Example: Extrapolation Mistake

e Using the model: @\ _ /(:jt/f\\f)\
y =24,319 — 0.0431 x x
e Predict aid for a student with family income of $1 million:

y = 24,319 - 0.0431 x 1,000, 000
= —-18,781

e This prediction is unrealistic—aid cannot be negative!
= M]Wﬁ 0y
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easures the proportion of variability in the response variable
explained by the regression model.

Coefficient of determination, R?

Coefficient of determination, R?, is the square of the sample correlation

j O TIENE e SIS G
coefficient, R, and can be computed by
S

SSR  SST - SSE _
ssT~  ssT ° “here = &

n
SSR = Z(y,- - )7)2 : Sum of Squares Regression
i=1

R® =

n
SSE = » (yi—¥;)?: Sum of Squares Error

i=1

n
SST = (yi—¥)* = SSR + SSE : Total Sum of Squares
i=1

KOREA MILITARY ACADEMY
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Note: From the definition of sample correlation coefficient R

= Sy _ SuSy _ Sup
SXX Syy Sy}’ Sfx Sy}’

_ S (Bixi — Bix)? _ S (i - y)?
Syy

SSR

Si(vi-y)2  SST
Furthermore, SST can be decomposed as the sum of SSR and SSE because

SST = Z 2= = h+ -y

i=il

—Z yi= i) +Z yi-y) +22(y, 93 -

\__ﬁ/____./

SSE

\_ﬁ/___../
SSR 0
and the last term vanishes since

n

Z(YI = Bo = B1x) (Bo + B1x;

i=1

-y)=0
from the normal equations.
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Assumption 1: independence and constant variance

Z? A/VOVA r

We assume a linear regression model: = SOE
Yi=PBo+pBixi+e, i=1,---,n, R

where Sy is the intercept, 51 is the slope, and ¢;’s are the
independent error terms satisfying E(g;) = 0 and Var(s;) = o2.

Estimation of ¢
To estimate the variance of error terms -2, we consider

SSH8
2 = MSE = — + Mean Squared Error

Note: In fact, 62 = MSE is unbiased for o2 in the sense that E(6%) = o®.
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Example: EImhurst Data

N= 5D

Suppose SST = >0 (yi-y)? = = $1.46B and SSE = @(y, -
yi)? = $1 .07B for Elmhurst data. How much proport|on of variability
in aid received(y) does family income(x) explain?

5>Q:‘(}9

What is the estimated variance of the error, 527

KE _ Joxp”
=ME=—== ‘2" _ §
N—2 — = 22.29 X/p
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?1(0 > g <- Im(gift_aid ~ family_income, data = elmhurst)
summary (g)
Call:
Im(formula = gift_aid ~ family income, data = elmhurst)

Residuals:

Min 1Q Median 3Q Max
-10112.8 -3623.4 -216.1 3158.7 11570.7
N

Coefficients: /ﬁa

timate Std. Error t value Pr(>|t])
(Intercept) 2.432e+04 1.291e+03 18.831 < 2e-16 ***
family_income -4.307e-02 1.08le-02 -3.985 0.000229 ***

Signif. codes: /¢4J%;

0 Crrr 9.001 ** 0.01 %7 9.05 ‘.7 0.1 ¢ 7 1

= AN
/3 o
Residual standard erro M783 on 48 degrees of freedom
<.Mu1tip1e R-squared: [0.2486,/ Adjusted R-squared: 0.2329

F-statistic: 15.88 on 1 and 48 DF, p-value: 0.0002289

A2
— =

—

)

3

2|
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Categorical Predictors in Regression

Example: Predicting auction prices of the game Mario Kart based
on condition (new vs. used).

$70
[
g 360 z
a
T $50-
5
$40
$30 - e
0 1
(used) (new)
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Interpreting Regression for Categorical Predictors

The model:

, A A
price = o + B1 X cond_new + error

Here, cond_new = 1 for new games, 0 for used games.

From the regression output:

price = 42.87 + 10.90 x cond_new

A _ 9 /
Interpretation: 4 Fo + /i A

e The intercept (42.87) is the average price of used games.
e The slope (10.90) represents the price difference between new
and used games.
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Inference for linear regression



Midterm Elections and Economic Conditions

e U.S. House elections occur every two years.
e Midterm elections happen in the middle of a Presidential term.

e A political theory suggests that higher unemployment rates
lead to worse outcomes for the President’s party.

! 380  midterm election |
429% How
*470/0 Presidential
2, e

— ek Matters

| I— . 66

0

K source: Gallup wsj.com/' TheShortAnswer ‘
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Percent Change in Seats of
President's Party in House of Rep.

10%

0%

Bush
2002
A

Trump
2018

® Democrat
4 Republican

McKinley
1898
A

Reagan
1982
A

. L4 Clinton R

_20% J 1994

A e o Onama @ g: /\ _74\7\

A, AN .
e
~30% - &) ;41/}? —f/, 7l
; ; 7=
4% 8% AN —

Unemployment Rate

Data from 1934 and 1938 were excluded (unemployment rates:
21% and 18% in the Great Depression).
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Hypothesis Testing for the Slope

e We test whether unemployment(x) is a significant predictor of
midterm election outcomes(y).
e Hypotheses:
e Hy:B51 =0
e Hy:B1#0
e If we reject Hp, it suggests unemployment is a meaningful
predictor.
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Assumption 2: normality

AEVWF’K‘;W\ \
Z«&a}m&mz £ Crstant wiwge
We assume normality on the error terms to conduct statistical
inference, including hypothesis testing and confidence intervals.
We consider a linear regression model:

Yi=pPo+p1xi+e, i=1,---,n,

where Sy is the intercept, 51 is the slope, and g;’s are identically
and independently distributed as &; ~ (O,QZ.
- PR

L(¢e)= o, Valg)=1v"
9(6) v
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Testing for the slope j;

Consider the following hypothesis test:
Ho : B1 =0, Ha : B1 # 0.

Test statistic for the slope 1
The test statistic and its null distribution are

T_ﬂ1—0 B

Ho
= — = ~ t(h=2),
SE(ﬂ1) G/ VSxx ( )

where By is the least-square estimate of(8y) - = VMSE is the
estimated standard deviation of error, and S, = X7, (xi — )‘()2.
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Note: Let x4, X2, -+ , X, be fixed constants. Note that

s Sy 1 ¢ .
A= g, = g 20

i=i

is normally distributed since B; is a linear combination of y;, - - , y,. Also,

EG) = o 3 - RE() = o D000+ 5~ x| =
& 1 5 o

o 1 _
Var(By) = Z(x,- - X)Var(y;) = S—ZSXXO' =<

2
Sxx

i=1
It follows that Z = Bioh | N(0, 1). Furthermore, it is known that
o/ VS«

n—2)6?
V= % ~x(n-2),
and V is independent of Z. Therefore,
—-1/2
— 31 _ﬁ1 _ ﬁ1_ﬂ1 (n_2)6-2. 1 _ 4 ~1.(',.’_2)
/S« /S| 02 n-2 V/(n-2) ’
v
49

z
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Back to the example

Using two-sided test, hypotheses are:
Hp : /\_// O (Unemployment is not predictive of elections.)

Ha : {3, =+ O (Unemployment is predictive of election results.)

Checking conditions:

e use residual plots(discussed later).
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Computing the Test Statistic
e Sample statistics:
n @ Se=1139, Sy =-1014, 62=794

e Compute the estimated slope, /31

Qﬁfr_~ Iy o pr03
29

e Compute standard error of j3:

— )Sﬁ - ) 7 _ 0.83%
7 [13.9

e Compute the observed T-score:

A
POt i S
@E o,y;z(_q
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Finding the P-value

P-value is QXF(T<*/. 066)/ Tat(2)

Ji o/
= 2x 0)rCy = O 2491 - 064
> pt(-1.066, df = = , lower.tail = FRUE)
[1] 0.1479318 J
e P-value is larger than @ = 0.05, so we (reject /G Ho.

e Unemployment (is / is not) a signifvariable for

midterm election outcomes.

KOREA MILITARY ACADEMY 52


iPad Pro 12.9-inch (5th generation)

iPad Pro 12.9-inch (5th generation)

iPad Pro 12.9-inch (5th generation)

iPad Pro 12.9-inch (5th generation)

iPad Pro 12.9-inch (5th generation)

iPad Pro 12.9-inch (5th generation)

iPad Pro 12.9-inch (5th generation)

iPad Pro 12.9-inch (5th generation)

iPad Pro 12.9-inch (5th generation)

iPad Pro 12.9-inch (5th generation)

iPad Pro 12.9-inch (5th generation)


SN

> g <- lm(house_change ~ unemp, midterms_house)
> summary (g)

Call:
Im(formula = house_change

unemp, data = midterms_house)

Residuals:
Min 1Q Median 3Q Max
-14.0124 -7.6989 0.0913 7.2974 16.1447

Coefficients:
Estimate Std. Error t value Pr(>|t])
(Intercept) -7.3644 5.1553 -1.429 0.165
AR
unemp -0.8897 0.8350 -1.066 0.296
NAAA~AN_

Residual standard error: 8.913 on 27 degrees of freedom
Multiple R-squared: 0.04035, Adjusted R-squared: 0.004812
F-statistic: 1.135 on 1 and 27 DF, p-value: 0.2961

=g > R = 0.oko3%
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Table below shows R output from fitting the least squares regression
line in Elmhurst College data. Use this output to formally test the
following hypotheses.

Ho : 1 =0, Ha : By # 0,2P(T <~3.9%)

He s O PLT<~2a)
> g <- Im(gift_aid ~ family_income, data = elmhurst)

> summary (g) $coefficients

Estimate Std. Error t value Pr(|t|)
(Intercept) 2.4319e+04 1.2915e+03 18.8310 8.2810e-24
family_income -4.3072e-02 1.0809e-02 -}.9846 2.2887e-04

p-Wle = 2 289x/07 7 <o.05, Riat i
G od wd —f:m/ﬂ)7 heome  ove  rohled
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(Exercise 8.33%) A survey agency collected data on a random sample of
170 married couples in Britain, recording heights of husbands and wives.
Let the husband’s height be explanatory variable x and the wive’s height
be a response variable y, and consider a linear model, y; = Bo + B1X; + &
fori = 1,---,n, where & ~ N(0,0?). Conduct the following hypothesis
test: Ho : B1 = 0, b : B1 > 0.
ty
1. Find the test statistic and its null distribution(Use a one-sided
test).
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Summary statistics -
n 170 %
z 65 <
Sec = 21 (xi — X)? 1157.40 & Y
yy = (y, }_/) 1010.43 % 60+ [}
Sy =XL,(x-X)(vi-y) 331.37 £
o= I\/ISE 2.334 4L : : :
60 65 70 75

Husband's height (in inches)

2. Compute the slope(31) and the observed test statistic.

3. Compute the p-value and complete the hypothesis test.
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Confidence interval for the slope

A t-confidence interval for the slope
A 100(1 — a)% confidence interval for the slope g1 is

o

VSu
where t,/2(df) is the a/2-th upper quantile of the t-distribtuion with
degree of freedom df = n — 2.

point estimate + t,/2(df) x SE = B4 + t,2(df) x

Example: A 95% confidence interval for 81 in EImhurst data is

—0.0431 + 2.01 x 0.0108 = (-0.0648,-0.0214).

> qt(p = 0.025, df = 48, lower.tail = FALSE)
[1] 2.010635 J
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Conditions for the least squares line

1. Linearity
e The data should show a linear trend.
2. Nearly normal residuals
e Generally, the residuals must be nearly normal.
3. Constant variability
e The variability of residuals should remain roughly constant.
4. Independent observations

e Successive observations should not be highly correlated, such
as time series data.
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What conditions are the following linear models obviously violating?
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Note: Consider a linear regression model:
Yi=Bo+Bixi+e, i=1,---,n,

where &; follows the standard normal distribution independently.
Each condition can be formulated as follows:

1. Linearity: E(Y; | x;)) = Bo + B1X;.
Nearly normal residuals: ¢;’s are from normal distribution.

Constant variability: Var(s;) = o®.

> @

KOREA MILITARY ACADEMY
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Do the midterm election data meet the conditions required for fitting
a least squares line?

°
154 o
°
10 °
© . .o °®
» 51 . °
<
s : :
7} E °
x ® °
°
_5 - PY ~
10 ¢ Ce
o. A L
.
-15- T T T
-16 -14 -12 Al

Fitted values
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Multiple linear regression



Multiple regression

e Simple linear regression: Bivariate - two variables: y and x

e Multiple linear regression: Multiple variables: y and x1, Xo, - - -
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Poverty vs. region (east, west)

poverty = 11.17 + 0.38 x west

e Explanatory variable: region, reference level: east
e Intercept: The estimated average poverty percentage in
eastern states is 11.17%
e This is the value we get if we plug in 0 for the explanatory
variable
e Slope: The estimated average poverty percentage in western
states is 0.38% higher than eastern states.
e Then, the estimated average poverty percentage in western
states is 11.17 + 0.38 = 11.55%.
e This is the value we get if we plug in 7 for the explanatory
variable
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Poverty vs. region (northeast, midwest, west, south)

Which region (northeast, midwest, west, or south) is the reference

level?
Estimate Std. Error tvalue Pr(>|t])
(Intercept) 9.50 0.87 10.94 0.00
region4midwest 0.03 1.15 0.02 0.98
regiondwest 1.79 1.13 1.59 0.12
region4south 4.16 1.07 3.87 0.00
(a) northeast
(b) midwest
(c) west
(d) south
(e) cannot tell
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Poverty vs. region (northeast, midwest, west, south)

Which region (northeast, midwest, west, or south) has the lowest
poverty percentage?

Estimate Std. Error tvalue Pr(>]t])

(Intercept) 9.50 0.87 10.94 0.00
region4dmidwest 0.03 1.15 0.02 0.98
regiondwest 1.79 1.13 1.59 0.12
region4south 4.16 1.07 3.87 0.00
(a) northeast
(b) midwest
(c) west
(d) south
(e) cannot tell
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Weights of books

weight (g)  volume (cm®)  cover

1 800 885  hc
2 950 1016 hc
3 1050 1125  he
4 350 239  hc
5 750 701 hc
6 600 641  hc
7 1075 1228  hc
8 250 412 pb
9 700 953  pb

10 650 929  pb

11 975 1492  pb

12 350 419 pb

13 950 1010 pb

14 425 595  pb

15 725 1034 pb

From: Maindonald, J.H. and Braun, W.J. (2nd ed., 2007) “Data Analysis and Graphics Using R”
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Weights of books (cont.)

The scatterplot shows the re-

1000+
weight = 108 + 0.7 volume ®

lationship between weights and

R’= 80%

— 800

volumes of books as well as the

weight (g

regression output. Which of the 1

400

below is correct?

T T T T T T T
200 400 600 800 1000 1200 1400

volume (cm?)

(a) Weights of 80% of the books can be predicted accurately
using this model.

(b) Books that are 10 cm® over average are expected to weigh 7
g over average.

(c) The correlation between weight and volume is
R = 0.80% = 0.64.

(d) The model underestimates the weight of the book with the
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Modeling weights of books using volume

somewhat abbreviated output...

Coefficients:

Estimate Std. Error t value Pr(>|t|)
(Intercept) 107.67931 88.37758 1.218 0.245
volume 0.70864 0.09746 7.271 6.26e-06

Residual standard error: 123.9 on 13 degrees of freedom
Multiple R-squared: 0.8026, Adjusted R-squared: 0.7875
F-statistic: 52.87 on 1 and 13 DF, p-value: 6.262e-06
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Weights of hardcover and paperback books

Can you identify a trend in the relationship between volume and
weight of hardcover and paperback books?

1000 hardcover
A paperback & 4
__ 800
& A
- A
S A
S |
2 600
400 “
A
A

T T T T T T T
200 400 600 800 1000 1200 1400

volume (cm?®)
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Modeling weights of books using volume and cover type

Coefficients:

Estimate Std. Error t value Pr(>|t])
(Intercept) 197.96284  59.19274  3.344 0.005841 **
volume 0.71795 0.06153 11.669 6.6e-08 ***
cover:pb -184.04727 40.49420 -4.545 0.000672 ***

Residual standard error: 78.2 on 12 degrees of freedom
Multiple R-squared: 0.9275, Adjusted R-squared: 0.9154
F-statistic: 76.73 on 2 and 12 DF, p-value: 1.455e-07
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Determining the reference level

Based on the regression output below, which level of cover is the
reference level? Note that pb: paperback.

Estimate Std. Error tvalue Pr(>|t])

(Intercept)  197.9628 59.1927 3.34 0.0058
volume 0.7180 0.0615 11.67 0.0000
cover:pb -184.0473 40.4942 -4.55 0.0007

(a) paperback

(b) hardcover
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Determining the reference level

Which of the below correctly describes the roles of variables in this
regression model?

Estimate Std. Error tvalue Pr(>[t))

(Intercept)  197.9628 59.1927 3.34 0.0058
volume 0.7180 0.0615 11.67 0.0000
cover:pb  -184.0473 40.4942 -4.55 0.0007

a
b

c

d

(a) response: weight, explanatory: volume, paperback cover
(b) response: weight, explanatory: volume, hardcover cover
(c) response: volume, explanatory: weight, cover type

(d)

response: weight, explanatory: volume, cover type
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Linear model

Estimate Std. Error tvalue Pr(>|t])

(Intercept) 197.96 59.19 3.34 0.01
volume 0.72 0.06 11.67 0.00
coverpb  -184.05 40.49 -4.55 0.00

weight = 197.96 + 0.72 volume — 184.05 cover : pb

1. For hardcover books: plug in O for cover
weight = 197.96 + 0.72 volume — 184.05 x
= 197.96 + 0.72 volume
2. For books: plug in 7 for cover

wgig\ht = 197.96 + 0.72 volume — 184.05 x
= 13.91 + 0.72 volume
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Visualising the linear model

4
d
1000 hardcover 2° A
A paperback Y L2
d
4
L, d
_ 800 P
=) L7
= it
<
o)) 7 A
'© 600 s
= .
d
4
d
A
400- v
A
d
4
d 7 A

T T T T T T
200 400 600 800 1000 1200 1400

volume (cm?®)
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Interpretation of the regression coefficients

Estimate Std. Error tvalue Pr(>|t])

(Intercept) 197.96 59.19 3.34 0.01
volume 0.72 0.06 11.67 0.00
coverpb  -184.05 40.49 -4.55 0.00

e Slope of volume: All else held constant, books that are 1 more
cubic centimeter in volume tend to weigh about 0.72 grams
more.

e Slope of cover: All else held constant, the model predicts that
paperback books weigh 184 grams lower than hardcover

books.
e [ntercept: Hardcover books with no volume are expected on
average to weigh 198 grams.
e Obviously, the intercept does not make sense in context. It only
serves to adjust the height of the line.
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Which of the following is the correct calculation for the predicted
weight of a paperback book that is 600 cm®?

Estimate Std. Error tvalue Pr(>|t])

(Intercept) 197.96 59.19 3.34 0.01
volume 0.72 0.06 11.67 0.00
coverppb  -184.05 40.49 -4.55 0.00

(a) 197.96 + 0.72 * 600 - 184.05 * 1
(b) 184.05 + 0.72 * 600 - 197.96 * 1
(c) 197.96 + 0.72 * 600 - 184.05 * 0
(d) 197.96 + 0.72 * 1 - 184.05 * 600
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Another example: Modeling kid’s test scores

Predicting cognitive test scores of three- and four-year-old children
using characteristics of their mothers. Data are from a survey of
adult American women and their children - a subsample from the
National Longitudinal Survey of Youth.

kid_score mom_hs mom.g mom_work mom_age

1 65 yes 121.12 yes 27
5 115  vyes 92.75 yes 27
6 98 no 107.90 no 18
434 70 yes 91.25 yes 25

Gelman, Hill. Data Analysis Using Regression and Multilevel/Hierarchical Models. (2007) Cambridge University Press.
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Interpreting the slope

What is the correct interpretation of the slope for mom’s 1Q?

Estimate Std. Error tvalue Pr(>|t])

(Intercept) 19.59 9.22 2.13 0.03
mom_hs:yes 5.09 2.31 2.20 0.03
mom_iq 0.56 0.06 9.26 0.00
mom_work:yes 2.54 2.35 1.08 0.28
mom_age 0.22 0.33 0.66 0.51
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Interpreting the slope

What is the correct interpretation of the intercept?

Estimate Std. Error tvalue Pr(>|t])

(Intercept) 19.59 9.22 2.13 0.03
mom_hs:yes 5.09 2.31 2.20 0.03
mom_iq 0.56 0.06 9.26 0.00
mom_work:yes 2.54 2.35 1.08 0.28
mom_age 0.22 0.33 0.66 0.51
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Interpreting the slope

What is the correct interpretation of the slope for mom work?

Estimate  Std. Error  tvalue  Pr(>[t))

(Intercept) 19.59 9.22 2.13 0.03
mom_hs:yes 5.09 2.31 2.20 0.03
mom_iq 0.56 0.06 9.26 0.00
mom_work:yes 2.54 2.35 1.08 0.28
mom_age 0.22 0.33 0.66 0.51

All else being equal, kids whose moms worked during the first
three years of the kid’s life

(a) are estimated to score 2.54 points lower

(b) are estimated to score 2.54 points higher

than those whose moms did not work.
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Revisit: Modeling poverty

6810

3 s 70 9

poverty :
g -0.20 metro_res "
-0.31 -0.34 white 3 § -
1 -0.75 || e ||
0.53 0.30 —0.75 || —-0.61 || female_nouse

8 10

T T T T T
6 8 10 12 14 16 18

KOREA MILITARY ACADEMY

T T T
8 10 12 14 16 18

14

18

14

81



Predicting poverty using % female householder

Estimate Std. Error tvalue Pr(>t))

(Intercept) 3.31 1.90 1.74 0.09
female_house 0.69 0.16 4.32 0.00
18-
16
g 14+
2 121 R = 053
§ 101 % 2 2
o R =0.53< = 0.28
6

8§ 10 12 14 16 18
% female householder
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Another look at R?

R? can be calculated in three ways:

1. square the correlation coefficient of x and y (how we have been
calculating it)

2. square the correlation coefficient of y and y
3. based on definition:

o explained variability in y
~ total variability in y

Using ANOVA we can calculate the explained variability and total
variability in y.
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Sum of squares

Df SumSq MeanSq Fvalue Pr(>F)
female_house 1 132.57 132.57 18.68 0.00

Residuals 49 347.68 710
Total 50 480.25
Sum of squares of y: SSra = Z(y —¥)? = 480.25
Sum of squares of residuals: SSgrror = Z e,2 = 347.68
Sum of squares of x: SSyoder = SStotal — SSEror

= 480.25 - 347.68 = 132.57

B2 _ explained variability ~ 132.57
~ total variability =~ 480.25
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Why bother?

Why bother with another approach for calculating R?> when we had
a perfectly good way to calculate it as the correlation coefficient
squared?
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Predicting poverty using % female hh + % white

Linear model: Estimate Std. Error tvalue Pr(>[t])

(Intercept) -2.58 578 -0.45 0.66
female_house 0.89 0.24 3.67 0.00
white 0.04 0.04 1.08 0.29
ANOVA: Df SumSg MeanSq Fvalue Pr(>F)
female_house 1 132.57 132.57 18.74 0.00
white 1 8.21 8.21 1.16 0.29
Residuals 48 33947 7.07
Total 50 480.25

> explained variability ~ 132.57 + 8.21
"~ totalvariabilty =~ 480.25
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Does adding the variable white to the model add valuable informa-
tion that wasn'’t provided by female house?

© % & 70 8 %0 100 w s %
L -
poverty [
N -0.20 metro_res
-0.31 -0.34 white F
]
ER £
R _O 75 0.24 hs_grad
0.53 0.30 —0_75 -0.61 female_house [ *
L e e e “
6 8 1012 14 16 1 © w0 w 8 10 12 u 1 1
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Collinearity between explanatory variables

poverty vs. % female head of household

Estimate Std. Error tvalue Pr(>[t))
(Intercept) 3.31 1.90 1.74 0.09
female_house 0.69 0.16 4.32 0.00

poverty vs. % female head of household and % female hh

Estimate Std. Error tvalue Pr(>[t))

(Intercept) -2.58 578 -0.45 0.66
female_house 0.89 0.24 3.67 0.00
white 0.04 0.04 1.08 0.29
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Collinearity between explanatory variables (cont.)

e Two predictor variables are said to be collinear when they are
correlated, and this collinearity complicates model estimation.
Predictors are also called explanatory or independent variables. Ideally,

they would be independent of each other.

e We don't like adding predictors that are associated with each
other to the model, because often times the addition of such
variable brings nothing to the table. Instead, we prefer the
simplest best model, i.e. parsimonious model.

e While it's impossible to avoid collinearity from arising in
observational data, experiments are usually designed to
prevent correlation among predictors.
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R? vs. adjusted R?

| R? Adjusted R?
Model 1 (Single-predictor) | 0.28 0.26

Model 2 (Multiple) 0.29 0.26

e When any variable is added to the model R? increases.

e But if the added variable doesn’t really provide any new
information, or is completely unrelated, adjusted R? does not
increase.
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Adjusted R?

Adjusted R?

Rgd‘ 1 (SSError % n-1 )

! SStota nN—-p-—1
where n is the number of cases and p is the number of predictors
(explanatory variables) in the model.

e Because p is never negative, F?sdj will always be smaller than
R2.

° Rgdj applies a penalty for the number of predictors included in

the model.

e Therefore, we choose models with higher Rgdj over others.
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Calculate adjusted R?

ANOVA: Df Sum Sq MeanSq Fvalue Pr(>F)
female_house 1 132.57 132.57 18.74 0.0001
white 1 8.21 8.21 1.16 0.2868
Residuals 48  339.47 7.07
Total 50 480.25
2 SSError n-1
Mag = ‘(ssma, . n—p—1)

B (339.47 L 51— )
480.25 " 51-2-1
L (339.47 y @)
480.25 " 48
= 1-074

= 0.26
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Model selection



Beauty in the classroom

e Data: Student evaluations of instructors’ beauty and teaching
quality for 463 courses at the University of Texas.

e Evaluations conducted at the end of semester, and the beauty
judgements were made later, by six students who had not
attended the classes and were not aware of the course
evaluations (2 upper level females, 2 upper level males, one
lower level female, one lower level male).

Hamermesh & Parker. (2004)“Beauty in the classroom: instructors? pulchritude and putative pedagogical productivity?

Economics Education Review.
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Professor rating vs. bea

Professor evaluation score (higher score means better) vs. beauty
score (a score of 0 means average, negative score means below
average, and a positive score above average):

| Jd
0

professor evaluation

3.0

25

-15 -10 -05 0.0 0.5 1.0 15 2.0

beauty
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Which of the below is correct based on the model output?

Estimate Std. Error tvalue Pr(>|t])

(Intercept) 4.19 0.03 167.24 0.00
beauty 0.13 0.03 4.00 0.00
R? = 0.0336

(a) Model predicts 3.36% of professor ratings correctly.

(b) Beauty is not a significant predictor of professor evaluation.

(c) Professors who score 1 point above average in their beauty

score are tend to also score 0.13 points higher in their
evaluation.

(d) 3.36% of variability in beauty scores can be explained by

professor evaluation.

(e) The correlation coefficient could be v0.0336 = 0.18 or —0.18,

we can’t tell which is correct.
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Exploratory analysis
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Professor rating vs. beauty + gender

For a given beauty score, are male professors evaluated higher,
lower, or about the same as female professors?

Estimate Std. Error tvalue Pr(>[t))

(Intercept) 4.09 0.04 107.85 0.00
beauty 0.14 0.03 4.44 0.00
gender.male 0.17 0.05 3.38 0.00
Ffsdj=0.057
(a) higher
(b) lower

(c) about the same
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Estimate Std. Error tvalue Pr(>|t|)
(Intercept) 4.6282 0.1720  26.90 0.00
beauty 0.1080 0.0329 3.28 0.00
gender.male 0.2040 0.0528 3.87 0.00
age -0.0089 0.0032 -2.75 0.01
formal.yes ' 0.1511 0.0749 2.02 0.04
lower.yes 2 0.0582 0.0553 1.05 0.29
native.non english ~ -0.2158 0.1147 -1.88 0.06
minority.yes  -0.0707 0.0763 -0.93 0.35
students ®  -0.0004 0.0004 -1.03 0.30
tenure.tenure track -0.1933 0.0847 -2.28 0.02
tenure.tenured  -0.1574 0.0656 -2.40 0.02
' formal: picture wearing tie&jacket/blouse, levels: yes, no
2lower: lower division course, levels: yes, no

Sstudents: number of students
“tenure: tenure status, levels: non-tenure track, tenure track, tenured
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Hypotheses

Just as the interpretation of the slope parameters take into account
all other variables in the model, the hypotheses for testing for
significance of a predictor also takes into account all other
variables.

Hp : Bi = 0 when other explanatory variables are included in
the model.

Ha @ Bi # 0 when other explanatory variables are included in
the model.
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Assessing significance: numerical variables

The p-value for age is 0.01. What does this indicate?

Estimate  Std. Error  tvalue  Pr(>[t])

age -0.0089 0.0032 SONT5 0.01

(a) Since p-value is positive, higher the professor’s age, the
higher we would expect them to be rated.

(b) If we keep all other variables in the model, there is strong
evidence that professor’s age is associated with their rating.
(c) Probability that the true slope parameter for age is 0 is 0.01.

(d) There is about 1% chance that the true slope parameter for
age is -0.0089.
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Assessing significance: categorical variables

Tenure is a categorical variable with 3 levels: non tenure track, tenure
track, tenured. Based on the model output given, which of the below is

false?

Estimate  Std. Error tvalue Pr(>|t])

tenure.tenure track -0.1933 0.0847 -2.28 0.02
tenure.tenured -0.1574 0.0656 -2.40 0.02

(a) Reference level is non tenure track.

(b) All else being equal, tenure track professors are rated, on
average, 0.19 points lower than non-tenure track professors.

(c) All else being equal, tenured professors are rated, on
average, 0.16 points lower than non-tenure track professors.

(d) All else being equal, there is a significant difference between
the average ratings of tenure track and tenured professors.

KOREA MILITARY ACADEMY 101



Assessing significance

Which predictors do not seem to meaningfully contribute to the
model, i.e. may not be significant predictors of professor’s rating
score?

Estimate  Std. Error  tvalue  Pr(>[t])

(Intercept) 4.6282 0.1720 26.90 0.00

beauty 0.1080 0.0329 3.28 0.00
gender.male 0.2040 0.0528 3.87 0.00

age -0.0089 0.0032 -2.75 0.01

formal.yes 0.1511 0.0749 2.02 0.04
lower.yes 0.0582 0.0553 1.05 0.29
native.non english -0.2158 0.1147 -1.88 0.06
minority.yes -0.0707 0.0763 -0.93 0.35
students -0.0004 0.0004 -1.03 0.30
tenure.tenure track -0.1933 0.0847 -2.28 0.02
tenure.tenured -0.1574 0.0656 -2.40 0.02
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Model selection strategies

Based on what we’ve learned so far, what are some ways you can
think of that can be used to determine which variables to keep in
the model and which to leave out?
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Backward-elimination

1. Start with the full model

2. Drop one variable at a time and record Rgdj of each smaller
model

3. Pick the model with the highest increase in Rgdj

4. Repeat until none of the models yield an increase in Rgdj
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Backward-elimination

Full beauty + gender + age + formal + lower + native + minority + students + tenure

Step 1 gender + age + formal + lower + native + minority + students + tenure 0.0642
beauty + age + formal + lower + native + minority + students + tenure 0.0557
beauty + gender + formal + lower + native + minority + students + tenure 0.0706
beauty + gender + age + lower + native + minority + students + tenure 0.0777
beauty + gender + age + formal + native + minority + students + tenure 0.0837
beauty + gender + age + formal + lower + minority + students + tenure 0.0788
beauty + gender + age + formal + lower + native + students + tenure
beauty + gender + age + formal + lower + native + minority + tenure 0.0838
beauty + gender + age + formal + lower + native + minority + students 0.0733

Step 2 gender + age + formal + lower + native + students + tenure 0.0647
beauty + age + formal + lower + native + students + tenure 0.0543
beauty + gender + formal + lower + native + students + tenure 0.0708
beauty + gender + age + lower + native + students + tenure 0.0776
beauty + gender + age + formal + native + students + tenure
beauty + gender + age + formal + lower + native + tenure 0.0844
beauty + gender + age + formal + lower + native + students 0.0725

Step 3 gender + age + formal + native + students + tenure 0.0653
beauty + age + formal + native + students + tenure 0.0534
beauty + gender + formal + native + students + tenure 0.0707
beauty + gender + age + native + students + tenure 0.0786
beauty + gender + age + formal + students + tenure 0.0756
beauty + gender + age + formal + native + tenure
beauty + gender + age + formal + native + students 0.0713

Step 4 gender + age + formal + native + tenure 0.0667
beauty + age + formal + native + tenure 0.0553
beauty + gender + formal + native + tenure 0.0728
beauty + gender + age + native + tenure 0.0806
beauty + gender + age + formal + tenure 0.0773
beauty + gender + age + formal + native 0.0713
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step function in R

The step function in R does a similar backward elimination
process, however it uses a different metric called AlC (Akaike
Information Criterion) instead of adjusted R? to do the model
selection.

Call:

Im(formula = profevaluation ~ beauty + gender + age + formal +
native + tenure, data = d)

Coefficients:
(Intercept) beauty gendermale
4.628435 0.105546 0.208079
age formalyes nativenon english
-0.008844 0.132422 -0.243003
tenuretenure track tenuretenured
-0.206784 -0.175967

Best model: beauty + gender + age + formal + native + tenure

KOREA MILITARY ACADEMY 106



Forward selection

1. Start with regressions of response vs. each explanatory
variable

2. Pick the model with the highest R%;,

3. Add the remaining variables one at a time to the existing

model, and once again pick the model with the highest Rgdj

4. Repeat until the addition of any of the remanning variables

does not result in a higher dej
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e Backward elimination with the p-value approach:

1. Start with the full model

2. Drop the variable with the highest p-value and refit a smaller
model

3. Repeat until all variables left in the model are significant

e Forward selection with the p-value approach:

1. Start with regressions of response vs. each explanatory
variable

2. Pick the variable with the lowest significant p-value

3. Add the remaining variables one at a time to the existing
model, and pick the variable with the lowest significant p-value

4. Repeat until any of the remaining variables does not have a
significant p-value
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Backward-elimination: p — value approach

Step Variables included & p-value
Full beauty gender age formal lower native minority students tenure tenure
male yes yes nonenglish yes tenure track tenured
0.00 0.00 0.01 0.04 0.29 0.06 0.30 0.02 0.02
Step 1 beauty gender age formal lower native students tenure tenure
male yes yes nonenglish tenure track tenured
0.00 0.00 0.01 0.04 0.03 0.34 0.02 0.01
Step 2 beauty gender age formal native students tenure tenure
male yes nonenglish tenure track tenured
0.00 0.00 0.01 0.05 0.02 0.01 0.01
Step 3 beauty gender age formal native tenure tenure
male yes nonenglish tenure track tenured
0.00 0.00 0.01 0.02 0.01 0.01
Step 4 beauty gender age native tenure tenure
male nonenglish tenure track tenured
0.00 0.00 0.01 0.01 0.01
Step 5 beauty gender age tenure tenure
male tenure track tenured
0.00 0.00 0.01 0.01 0.01

Best model: beauty + gender + age + tenure
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Adjusted R? vs. p-value approaches

e The two approaches are similar, but they sometimes lead to
different models, with the adjusted R? approach tending to
include more predictors in the final model.

e When the sole goal is to improve prediction accuracy, use R? .
This is commonly the case in machine learning applications.

e When we care about understanding which variables are
statistically significant predictors of the response, or if there is
interest in producing a simpler model at the potential cost of a
little prediction accuracy, then the p-value approach is
preferred.

e Regardless of the approach we use, our job is not done after
variable selection — we must still verify the model conditions
are reasonable.
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Checking model conditions using
graphs




Modeling conditions

Y =Bo +B1X1 + Baxe + -+ + BpXp

The model depends on the following conditions

1. residuals are nearly normal (less important for larger data
sets)

2. residuals have constant variability
3. residuals are independent

4. each variable is linearly related to the outcome

We often use graphical methods to check the validity of these
conditions, which we will go through in detail in the following slides.
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(1) nearly normal residuals

normal probability plot and/or histogram of residuals:

Histogram of residuals

Frequency

T T T T T
-15 -10 -05 00 05 10

Does this condition appear to be satisfied?
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(2) constant variability in residuals

scatterplot of residuals and/or absolute value of residuals vs. fitted

(predicted):
Residuals vs. fitted Absolute value of residuals vs. fitted
1.0
054" °© 1.5- :
w 00 ]
E 3 1.0
2 0.5 3
@ 2 °
-1.0 © 054
=855 c s
T T T T T Gy T T
3.8 4.0 4.2 4.4 4.6 3.8 4.6
fitted fitted

Does this condition appear to be satisfied?
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Checking constant variance - recap

e When we did simple linear regression (one explanatory
variable) we checked the constant variance condition using a
plot of residuals vs. x.

e With multiple linear regression (2+ explanatory variables) we
checked the constant variance condition using a plot of
residuals vs. fitted.

Why are we using different plots?
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(3) independent residuals

scatterplot of residuals vs. order of data collection:

Residuals vs. order of data collection
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Does this condition appear to be satisfied?
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More on the condition of independent residuals

e Checking for independent residuals allows us to indirectly
check for independent observations.

e If observations and residuals are independent, we would not
expect to see an increasing or decreasing trend in the
scatterplot of residuals vs. order of data collection.

e This condition is often violated when we have time series
data. Such data require more advanced time series
regression techniques for proper analysis.
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(4) linear relationships

scatterplot of residuals vs. each (numerical) explanatory variable:
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Does this condition appear to be satisfied?

Note: We use residuals instead of the predictors on the y-axis so that we can still

check for linearity without worrying about other possible violations like collinearity
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Several options for improving a model

e Transforming variables
e Seeking out additional variables to fill model gaps

e Using more advanced methods that would account for
challenges around inconsistent variability or nonlinear
relationships between predictors and the outcome

KOREA MILITARY ACADEMY 118



Transformations

If the concern with the model is non-linear relationships between
the explanatory variable(s) and the response variable, transforming
the response variable can be helpful.

e Log transformation (log y)
e Square root transformation (+/y)
e Inverse transformation (1/y)

e Truncation (cap the max value possible)

It is also possible to apply transformations to the explanatory
variable(s), however such transformations tend to make the model
coefficients even harder to interpret.
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Models can be wrong, but useful

All models are wrong, but some are useful. - George Box

e No model is perfect, but even imperfect models can be useful,
as long as we are clear and report the model’s shortcomings.

e If conditions are grossly violated, we should not report the
model results, but instead consider a new model, even if it

means learning more statistical methods or hiring someone
who can help.
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Exercises in Openintro Statistics 4th ed.

e Fitting a line, residuals, and correlation: Exercise 8.15
e Least squares regression: Exercise 8.23 (a), (c), (d), (e), (f)

¢ Inference for linear regression: Exercise 8.33 (a), (b), (d)
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